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SUMMARY 
A theory for obtaining approximate solutions to nonlinear problems whose 
exact solutions require the use  of large computational procedures is described. 
The technique represents i n  some respects a generalization of t h e  method of 
base and comparison solutions for flows depending on a parameter. For the 
generalized problem, the input variable is no longer a parameter but a function 
that is incremented  over its ent i re  domain. After performing calculations for 
a base configuration and a small number  of variations of it, solutions for a 
large class of configurations can be obtained by forming linear combinations of 
the solution increments. For a res t r ic ted class  of problems, approximate solu- 
tions can be obtained for general variations of a base configuration by us ing  
a function-space derivative estimate obtained from a base solution and a single 
variation. 
INTRODUCTION 
Many important aerospace-related problems require the solution of one or 
more nonlinear differential equations. Although analytic solutions are rare, 
many such  problems have been solved by means  of numerical computerized proce- 
dures. Often such procedures are long and expensive, when large computing 
times and storage are required, and they are cumbersome to operate when  many 
input variables and parameters are required. 
An a l ternate  to  using s u c h  programs is t o  seek approximate solutions by 
linearizing t h e  differential equations. Such a linearization procedure consists 
of considering the problem as a perturbation of a "base" problem for which t h e  
solution is known.  However, even the linear equations often defy solution i n  
analytic form unless t h e  base problem is almost t r i v i a l l y  simple, as for example, 
an undisturbed free-stream flow. 
Clearly the  usage of large complex computational algorithms could be 
reduced if there were a way t o  combine a program for computing a base solution, 
w i t h  a f a s t ,  simple procedure for computing the effects of perturbation about 
that solution. Such a method has been described i n  reference 1 for flows that 
depend on  some parameter such as Mach number, angle of attack, or thickness 
ra t io ,  when one of these parameters is perturbed from its base value. 
The present analysis represents, i n  some sense, an extension of the method 
o€ reference 1 t o  problems that involve the perturbation, not of a parameter, 
b u t  of an entire function. Thus, the method applies to problems for which the 
input is a function, s u c h  as one prescribing a boundary shape; and the output 
is also a function, such as the pressure distribution over the boundary. The 
method could also be used to  determine variations i n  the ground noise pattern 
of  an airplane due to  var ia t ions i n  i ts trajectory. 
Advantages of the method are t h a t  it is applicable t o  a l a r g e  class of 
complex problems, and that it does n o t  r e q u i r e  t e d i o u s  a n a l y t i c  p r o c e d u r e s  s u c h  
as so lv ing   i nne r   and   ou te r  problems, matching, etc. Its p r i m a r y   l i m i t a t i o n  is 
t h a t  it r e q u i r e s  a means of g e n e r a t i n g  base so lu t ions .   Fu r the rmore ,  it is, i n  
g e n e r a l ,  n o t  directly applicable t o  problems c o n t a i n i n g  jump d i s c o n t i n u i t i e s ,  
a l though it can be modif ied to  handle  such problems by methods similar to  t h o s e  
of r e f e r e n c e  2. 
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SYMBOLS 
c o n s t a n t  c o e f f i c i e n t  
p r e s s u r e  c o e f f i c i e n t  
local sound speed 
s o l u t i o n   ( o u t p u t )   f u n c t i o n  
independen t   ( i npu t )   func t ion  
G a t e a u x  d e r i v a t i v e  
con t inuous  func t ion  o f  small maximum o r d i n a t e  r e p r e s e n t i n g  a n  
increment to  f 
denotes  a l i n e a r  operator 
Mach number 
par meter 
denotes  a nonl inear  operator 
nondimensional body rad ius  ( i n  terms of body length)  
nond imens iona l  d i s t ance  in  free-stream d i rec t ion  and  pe rpend icu la r  
to f r e e - s t r e a m  d i r e c t i o n ,  r e s p e c t i v e l y  ( i n  terms of body length) 
s h i f t e d  c o o r d i n a t e  
a n g l e  o f  at tack 
before  a v a r i a b l e  de notes an increm . e n t  i n  t h e  v a r i a b l e  
before a f u n c t i o n  d e n o t e s  a p e r t u r b a t i o n  i n  t h e  f u n c t i o n  
small parameter 
v e l o c i t y   p o t e n t i a l  
S u b s c r i p t s  : 
i r e p r e s e n t s   i h   q u a n t i t y  i n  a sequence 
0 denotes   base  value 
1 , 2 1 3   d e n o t e s   q u a n t i t i e s  associated r e s p e c t i v e l y   w i t h   t h e  f i r s t ,  second, 
a n d  t h i r d  v a r i a t i o n s  
x, Y d e n o t e s   d e r i v a t i v e s   w i t h  respect to x and y 
Superscr ip t :  
1 Gateaux  de r iva t ive  of an operator 
DEVELOPMENT  OF  THEORY 
Background Theory on Nonlinear Problems Depending on a Parameter 
Reference 1 t rea t s  the problem of reducing computer time by combining 
ca lcu la t ions  which  have  a f u l l  n o n l i n e a r  n u m e r i c a l  s o l u t i o n  w i t h  c a l c u l a t i o n s  
obta ined  by a simple l i n e a r  i n t e r p o l a t i o n  scheme. If t h e  solut ion  depends  on 
a parameter p (e .g . ,  
e f f e c t  on t h e  s o l u t i o n  
aF 
AF = - Ap 
aP 
Mach number, angle of a t tack,  t h i c k n e s s  r a t i o )  , t h e n  t h e  
F of an   i nc remen ta l   change   i n  p is  
p r o v i d e d   t h a t  F does not   change   d i scont inuous ly   wi th  p. The l a t t e r  s i t u a t i o n  
would occur, f o r   e x a m p l e ,   i n   c e r t a i n   t r a n s o n i c  flows involving  shock  waves.  The 
problem  that  arises i n  t h e  a p p l i c a t i o n  of equat ion  (1)  i s  t h a t  i n  t h e  problem 
t r e a t e d ,  i t  is no t  possible to 0b ta i . n   an   ana ly t i c   exp res s ion  for F (p )  t h a t  
aF 
can be d i f f e r e n t i a t e d  to  o b t a i n  - 
aP 
. However, i f  a cmputer program e x i s t s  f o r  
comput ing   t he   so lu t ion  F, t h e n  a "base" s o l u t i o n  Fo can be c a l c u l a t e d   f o r  a 
s p e c i f i e d   v a l u e  po o f   t he  parameter p, and a s e c o n d   s o l u t i o n  F1 = Fo + AF 
can be c a l c u l a t e d  for an  incremented  value p1 = po + Ap of t h e  parameter. 
Th i s  s econd  so lu t ion  is c a l l e d  a c a l i b r a t i o n  s o l u t i o n .  The d e r i v a t i v e  i n  e q u a -  
AF -
t i o n  ( I ) ,  e v a l u a t e d  a t  po can   t hen  be approximated by -. Consequently,  
AP 
equat ion  (1) can be used t o  o b t a i n  t h e  v a r i a t i o n  of t h i s  s o l u t i o n  from t h e  
b a s e   s o l u t i o n   f o r   a n y   o t h e r  small v a r i a t i o n   i n  p from its base va lue  if 
AF ( 
AP 
A2P = p2 - po t h e n  F2 Fo + - Alp). R e s u l t s  g i v e n   i n   r e f e r e n c e  1 i n d i c a t e  
t h a t  t h e  a c c u r a c y  o f  s o l u t i o n s  o b t a i n e d  i n  t h i s  manner is o f t e n  s u r p r i s i n g l y  
good,  even when s i z a b l e  i n c r e m e n t s  i n  t h e  parameter a r e  t a k e n .  
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Methods for t r e a t i n g  p r o b l e m s  w i t h  d i s c o n t i n u i t i e s  h a v e  r e c e i v e d  much 
a t t e n t i o n  i n  t h e  l i t e ra ture .  I t  s h o u l d  b e  n o t e d  t h a t ,  s i n c e  t h e  d e r i v a t i v e  i n  
equa t ion  (1) is taken  wi th  respect t o  a parameter and  not  wi th  respect t o  t h e  
i n d e p e n d e n t  d i s t a n c e  v a r i a b l e ,  t h e  p r e s e n c e  o f  t h e  s h o c k  i t s e l f  does no t  pre- 
c lude  a s o l u t i o n  by equa t ion  ( 1 ) .  I t  is t h e  movement of the  shock  wi th  changes  
i n  t h e  parameter t h a t  c a u s e s  t h e  d i f f i c u l t y .  N i x o n  ( r e f .  2 )  h a s  t r e a t e d  t h i s  
problem by us ing  a coordinate-s t ra ining method that  has  been combined with 
i n t e r p o l a t i o n  by equa t ion  (1 ) i n  r e f e r e n c e  1 .  I n  t h e  f o l l o w i n g  d e v e l o p n e n t ,  
d i scon t inuous  f lows  w i l l  no t  be d i scussed  as such ,  under  the  assumpt ion  tha t  
f o r  s u c h  p r o b l e m s  t h e  s o l u t i o n  o b t a i n e d  c a n  s i m i l a r l y  be canbined with Nixon's  
c o o r d i n a t e - s t r a i n i n g  method ( r e f .   2 ) .  
Theory for  Solut ions Depending on an Independent  Funct ion 
By e x t e n d i n g  t h e  i n t e r p o l a t i o n  p r o c e d u r e  o f  r e f e r e n c e  1 wi th  a func t ion -  
space  developnent ,  one  can  obta in  so lu t ions  for a ve ry  gene ra l  class of prob- 
lems. Th i s  class o f  p rob lems  invo lves  pe r tu rba t ions  abou t  a base so lu t ion  which  
r e p r e s e n t s  a more canp lex  f low than  the  simple undis turbed free-s t ream f low.  
Consider ,   for   example,   the   nonl inear   potent ia l   equat ion  for   two-dimensional  
compress ib le  inv isc id  f low 
One can assume a s o l u t i o n  i n  t h e  form of a p e r t u r b a t i o n  641 about  a base solu- 
t i o n  @o 
I f   e q u a t i o n  ( 3 )  is s u b s t i t u t e d  i n t o   e q u a t i o n  ( 2 )  a n d   o n l y   l i n e a r  terms i n  6@ 
are r e t a i n e d ,  t h e n  t h e  r e s u l t i n g  d i f f e r e n t i a l  e q u a t i o n  is a l i n e a r  e q u a t i o n  
f o r  6@. However, t h e   c o e f f i c i e n t s  of s e v e r a l  terms i n v o l v e   i t h e r  @o or i ts  
d e r i v a t i v e s ,  and  consequent ly  the  equat ion  cannot  genera l ly  be  so lved  ana ly t i -  
c a l l y .  I t  on ly  becomes t r a c t a b l e   i n   t h e  case in   which  Q0 r e p r e s e n t s   t h e  
cons t an t -ve loc i ty   und i s tu rbed  free-stream flow.   However ,   per turbat ion  solut ions 
a b o u t  t h i s  f l a w  p e r t a i n  o n l y  t o  s l ende r  conf igu ra t ions ,  and  such  so lu t ions  have  
a l r e a d y  b e e n  t r e a t e d  e x t e n s i v e l y .  
Consider ,   however ,   problems  involving  nonslender   configurat ions.   Solut ions 
for   such  problems  normally are ob ta ined  by a numer i ca l  p rocedure .  I f  t he  s o l u -  
t i o n  r e p r e s e n t s  t h e  p r e s s u r e  or v e l o c i t y  d i s t r i b u t i o n  o n  a two-dimensional sur- 
f a c e  t h e n  it can be expressed  as a f u n c t i o n  of t h e  streamwise v a r i a b l e  x ,  
F = F(x)  
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The s o l u t i o n   c a n  be expressed  as an operator Q ( i n   g e n e r a l ,   n o n l i n e a r )  operat- 
i n g  o n  t h e  f u n c t i o n  f (x )   t ha t   desc r ibes   t he   boundary   shape  
F (x )  = Q[f ( x ) ]  
L e t  h (x )   r ep resen t  a v a r i a t i o n  of t h e   s p e c i f i c   b o u n d a r y   f u n c t i o n   f o ( x )  . Then 
a d i f f e r e n t i a l  o f  t h e  operator can be d e f i n e d  w i t h  respect t o  func t ion-space  
v a r i a t i o n s  of f (x) .   Formal ly ,  if t h e  limit 
Q [ f o  + EhI - Q[fol 
1 i m  = L[fo,hl 
-0 E 
e x i s t s   i n  a neighborhood  of   o ,   i f  i t  is c o n t i n u o u s   i n  f a t  fo,  and i f  it 
is c o n t i n u o u s   i n  h a t  h = 0 ,  then  L is c a l l e d   t h e   G a t e a u x   d i f f e r e n t i a l  of 
Q, and it is l i n e a r  operator o p e r a t i n g   o n   t h e   v a r i a t i o n  h ( r e f .  3,  sec. 3.1). 
Although the  present  theory  is or ien ted  toward  computer s o l u t i o n s ,  t h i s  
c o n c e p t  o f  t h e  d i f f e r e n t i a l  of an operator can be i l lus t ra ted  by a simple ana- 
l y t i c  example. Suppose t h a t   Q ( x )  were e x p r e s s i b l e   i n   t h e  form 
X 
Q [ f   ( X ) ]  = f ( x )   [ f ( € ) I 2   d €  
Replacing f by f o  + €h  and   tak ing   the  limit 
Q [ f o  + €hI - Q[fol 
€ 
1 i m  
P O  
y i e l d s  t h e  resu l t  
X 
Q = h ( x )   [ f ( E ) 1 2   d €  + f ( x ) ,  sx 2f (E )  h ( € )  dE 
0 0 
which is l i n e a r   i n  h. 
When Q is n o t  e x p r e s s i b l e  i n  a n a l y t i c  f o r m ,  b u t  o n l y  as t h e  o u t p u t  of 
a computa t iona l  procedure ,  then ,  in  a manner  sanewhat similar t o  t h a t  of ref- 
e rence  1 f o r  i n c r e m e n t i n g  a parameter, t h i s  operator can be es t ima ted  by 
5 
'P 
ob ta in ing  the  d i f f e rence  be tween  a c a l i b r a t i o n  s o l u t i o n  a n d  a base s o l u t i o n  f o r  
s l i g h t l y   d i f f e r e n t   b o u n d a r y   f u n c t i o n s .   S i n c e  L i s  l i n e a r ,   t h e   s o l u t i o n s   f o r  
o t h e r   v a r i a t i o n s   p r o p o r t i o n a l  to  h can be obtained  f rom  the  formula 
Q[fo + ah] = Q[fol + L[fo,ahl = Q[fol + aL[fo,hl ( 4 )  
This  procedure ,  a l though somewhat analogous t o  t h a t  of  reference 1 f o r  v a r i a t i o n  
of a p a r a m e t e r ,  d i f f e r s  f r o m  it i n  s e v e r a l  n o t a b l e  respects. The f i r s t  o b v i o u s  
d i f f e r e n c e  is t h a t  t h e  c h a n g e  i n  t h e  s o l u t i o n  is accomplished by vary ing  a func- 
t i on   r a the r   t han   i nc remen t ing  a pa rame te r .   Second ly ,   t he   d i f f e ren t i a l   o f  Q 
is c a l c u l a t e d  d i r e c t l y ,  w i t h o u t ,  i n  g e n e r a l ,  c o m p u t i n g  a quant i ty  ana logous  
t o  t h e  d e r i v a t i v e  i n  e q u a t i o n  ( 1 ) .  I n  fac t ,  such  a func t ion - space   de r iva t ive ,  
called the  Ga teaux  de r iva t ive  Q '  [ f ]  = G[f l ,  can  be d e f i n e d  by the  formula  
However, when h is given  and L is estimated by comparing  base  and calibra- 
t i o n   s o l u t i o n s ,   t h e   c a l c u l a t i o n   o f  G[f (x)] by d i v i d i n g  by  h is g e n e r a l l y  
not   appl icable .   Except ions  t o  t h i s  s i t u a t i o n  w i l l  be d i s c u s s e d  i n  a l a t e r  
sec t ion .  
I f  it were p o s s i b l e  t o  compute G [ f l ,  t h e n  t h e  e f f e c t  of  making  an  arbi- 
t r a r y  v a r i a t i o n  i n  f could be used to  o b t a i n  t h e  e f f e c t  of  making  any  other 
t y p e   o f   v a r i a t i o n .   I n   t h e  u s u a l  case, however, o n l y   t h e   s o l u t i o n   c o r r e s p o n d i n g  
to boundary   va r i a t ions   p ropor t iona l  to  h ( x )   c a n  be o b t a i n e d   f r a n  a s i n g l e  
c a l i b r a t i o n  s o l u t i o n .  I f  a d i f f e r e n t  t y p e  o f  v a r i a t i o n  i s  cons idered ,   then  a 
s e c o n d   c a l i b r a t i o n   c a l c u l a t i o n  is required.   Thus,  €or t h e  two types  of va r i a -  
t i ons ,   equa t ion  ( 4 )  g i v e s  
Fur thermore ,   s ince  L is a l i n e a r   o p e r a t o r  on  h, 
Thus, i f  two ca l ibra t ion  ca lcu la t ions  have  been  per formed,  a l a r g e  v a r i e t y  o f  
shapes  determined by the   var ious   l inear   combina t ions   o f  hl and  h2  can be 
a n a l y z e d .   C l e a r l y   t h i s  procedure can be extended t o  any number  n o f   l i n e a r l y  
6 
i n d e p e n d e n t   v a r i a t i o n s   h i  (i = 1 ,  n)  provided t h a t  t h e  to ta l  v a r i a t i o n  
f aihi  remains small. Thus,  even i n   t h e   a b s e n c e  of a n a l y t i c   e x p r e s s i o n s  
i=l 
a par t ia l  s y n t h e s i s  of t h e  operator L can be generated.  
Application of Theory 
Airfoil  p r e s s u r e  d i s t r i b u t i o n s . -  T o  i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e  
method, t w o  t y p e s  of problems  have  been  selected.   The f i rs t  problem  involves  
t h e  c a l c u l a t i o n ,  by t h e  method of  reference 4 o f  t h e  u p p e r  s u r f a c e  p r e s s u r e  
d i s t r i b u t i o n   o n   a n   a i r f o i l  a t  M = 0.56  and c1 = 2.0°. The base des ign ,   w i th  
its p r e s s u r e  d i s t r i b u t i o n ,  is shown i n  f i g u r e  l ( a ) .  The a i r f o i l  is 17.5 per- 
c e n t  t h i c k  w i t h  its maximum u p p e r  s u r f a c e  o r d i n a t e  a t  the 30-percent-chord 
s t a t i o n .  A v a r i a t i o n  f o  + hl of t h e  upper su r face   shape  is shown i n  f i g -  
u re  1 ( b ) ,  t o g e t h e r  w i t h  its p r e s s u r e  d i s t r i b u t i o n .  T h i s  v a r i a t i o n  is 1 7 . 3  per- 
c e n t  t h i c k  w i t h  its maximum upper  su r face  o rd ina te  a t  the  40 -pe rcen t  s t a t ion .  
A second   va r i a t ion  fo  + h2 is shown i n  f i g u r e  1 (c) . I t  is 1 9  p e r c e n t  t h i c k  
w i t h  its maximum upper surface o r d i n a t e  a t  t h e  3 0 - p e r c e n t  s t a t i o n .  
The f i r s t  v a r i a t i o n  was o b t a i n e d  by s h i f t i n g  t h e  a b s c i s s a ,  
L 
X = X - 0 . 4 7 6 ~ ( 1  - X)  
a n d  d e f i n i n g  t h e  new s u r f a c e  by 
Thus, 
hl = fo (Z) - f0 (x )  
The  o the r  va r i a t ion  was d e f i n e d  by 
h2 = 0 . 0 4 ~ ( 1  - X) 
Many possible airfoil  shapes can be obtained by c h a n g i n g  t h e  o r d i n a t e  of 
t h e  f o  d e s i g n   i n   i n c r e m e n t s   p r o p o r t i o n a l  to  h l ,  t o  h2, or t o  sane l i n e a r  
c a n b i n a t i o n   o f   t h e  t w o .  An example is shown i n  f i g u r e  2 .  I t  is r e p r e s e n t e d  
by the  combina t ion  f0 + 0.6hl - 0.4h2,  which is 16 .7  pe rcen t  t h i ck  wi th  i ts  
maximum u p p e r  s u r f a c e  o r d i n a t e  a t  the  37 -pe rcen t  s t a t ion .  
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Figure  2 also shows a compar i son  o f  t he  p re s su re  d i s t r ibu t ion  computed  by 
t h e  f u l l  n o n l i n e a r  algorithm w i t h  t h a t  o b t a i n e d  by t h e  p r e s e n t  method. I t  is 
s e e n  t h a t ,  for t h i s  example, the  accu racy  of the  approximat ion  is ve ry  good. 
The actual  pressure c a l c u l a t i o n s  f o r  t h i s  e x a m p l e  are g i v e n  i n  table  I. 
For many p rob lems ,  t he  ou tpu t  func t ion  is n o t  u n i f o r m l y  s e n s i t i v e  t o  small 
v a r i a t i o n s  i n  t h e  i n p u t  f u n c t i o n .  F o r  e x a m p l e ,  a i r f o i l  pressures t e n d  to be 
s e n s i t i v e  t o  v a r i a t i o n s  i n  t h e  g e o m e t r y  v e r y  n e a r  t h e  n o s e .  I f ,  f o r  a p a r t i c u -  
l a r  case, t h i s  s e n s i t i v i t y  c a u s e s  a problem,  then smaller v a r i a t i o n s  i n  t h e  
geometry shape m u s t  be taken .  
Supersonic  forebody pressure d i s t r i b u t i o n s . -  The second type of problem 
t r e a t e d  is tha t  of  comput ing  the  pressure d i s t r ibu t ion  on  po in ted  ax i symmet r i c  
f o r e b o d i e s  a t  s u p e r s o n i c  speeds. F igu re  3 (a)  shows t h e  b a s e  c o n f i g u r a t i o n  
f o ( x )  w i t h  its pressure d i s t r i b u t i o n ,  c a l c u l a t e d  by t h e  method of reference 5, 
for a f ree-s t ream Mach number  of  3.0.  These  examples are r e l a t i v e l y  s t r a i g h t -  
forward ,  and  not  representa t ive  of  the  la rge  complex  computer  ca lcu la t ions  for  
which  the  method is intended.  They are, however,   adequate  for purposes of 
i l l u s t r a t i o n ;  a n d  t h e y  possess t h e  f u r t h e r  a d v a n t a g e  t h a t  t h e y  d o  n o t  i n v o l v e  
special ized  knowledge or n o t a t i o n ,  as would  be r e q u i r e d ,  for example, i n  a 
boundary-layer   calculat ion.  
F igures  3(b)  and  3 (c) g i v e  t h e  body shapes and pressure d i s t r i b u t i o n s ,  
r e s p e c t i v e l y ,   f o r  t w o  v a r i a t i o n s :   f o  + hl  (hl = O.O4x(1 - x )  ) , and fo + h2 
(h2 = -0.02 s i n  TTx). F igu re  4 ( a )  g i v e s  r e su l t s  f o r  t h e  l i n e a r  c a n b i n a t i o n  
f o  + 0.3hl + 0.7h2, both by d i r e c t  c a l c u l a t i o n s  a n d  by l i n e a r l y  c o m b i n i n g  t h e  
pressure d i s t r i b u t i o n s  of f i g u r e s   3 ( a ) ,   3 ( b ) ,  and 3 ( c ) .   F i g u r e   4 ( b )   g i v e s  a 
similar comparison  for   the  combinat ion  fo  + 0.3hl - 0.7h2. I n   b o t h  cases, 
the  approx ima te  ca l cu la t ions  are n e a r l y  i n d i s t i n g u i s h a b l e  from t h e  f u l l  non- 
1 inea r  resu l t s  . 
The  magn i tude  o f  t he  va r i a t ion  tha t  can  be  t aken  wi th  the  ca l cu la t ion  
remaining i n  t h e  l i n e a r  r a n g e  d e p e n d s  o n  t h e  type of problem  cons idered .   I f  
small i n c r e m e n t s  i n  t h e  i n p u t  f u n c t i o n  f ( x )  c a u s e  l a r g e  c h a n g e s  i n  t h e  o u t -  
p u t  f u n c t i o n   F ( x ) ,   t h e n   t h e   v a r i a t i o n s   t a k e n  m u s t  be ve ry  small. I f ,  small 
i n c r e m e n t s   i n   f ( x )  cause d i scon t inuous  jumps i n   F ( x ) ,   t h e n   t h e   l i n e a r   t h e o r y  
is no t  app l i cab le .  
An example  of a s i z a b l e   v a r i a t i o n  h3  (h3 = -0.02 s i n  2Tx) ' of t h e  base 
c o n f i g u r a t i o n   f o ( x )   ( f i g .   3 ( a ) )  is shown i n   f i g u r e  5 .  The r e s u l t i n g  pres- 
sure d i s t r i b u t i o n  d i f f e r s  r a d i c a l l y  f r o m  t h a t  of t h e  b a s e  s h a p e .  I n  t h i s  
case, t h e  v a r i a t i o n  c a n n o t  be cons ide red  t o  be an  inc remen ta l  change  in  the  
base des ign .   Neve r the l e s s ,  when it is treated as such, as i n  t h e  c a n b i n a t i o n  
f o  + 0.3hl + 0.7h3 shown i n  f i g u r e  6, t h e  r e s u l t s  show remarkably  good  agree- 
ment  wi th  the  exac t  ca lcu la t ion .  
Implementation of the Method 
App l i ca t ion  o f  t he  theo ry  desc r ibed  in  the  p rev ious  sec t ion  requires some 
simple software i n  a d d i t i o n  t o  t h e  basic computer a l g o r i t h m  t h a t  computes t h e  
r e su l t  F (x )  = Q[f ( x ) ]   f r o m   t h e   i n p u t   d i s t r i b u t i o n  f (x) .   For   each  case, t h e  
i npu t  x and f a r r a y s  as well as t h e   o u t p u t  x and F ar rays   mus t  be s t o r e d  
w i t h  d i s t i n g u i s h i n g  case l a b e l s .  Then a shor t  auxi l ia ry  program can  per form the  
fo l lowing  func t ions :  
1 . Read the   x ,   f ,   and  F a r r a y s  for each case. 
2. E s t a b l i s h  a common a r r ay   o f   t he   i ndependen t   va r i ab le  x f o r  a l l  cases, 
by i n t e r p o l a t i o n ,  i f  n e c e s s a r y .  
3. Dis t ingu i sh   one   conf igu ra t ion  as t h e  b a s e  f o ( x ) .  
4. C a l c u l a t e   t h e   i n c r e m e n t a l   f u n c t i o n s   L [ f o , h i l  by o b t a i n i n g   t h e   d i f -  
ferences  Q[fo + h i ]  - Q[fol = L[fo,hi l  
5. Compute and output  resul ts  for any l inear  combinat ion 
Cons idera t ions  on  Approximat ing  Gateaux  Der iva t ive  
I t  was poin ted  o u t  p r e v i o u s l y  t h a t  t h e  f u n c t i o n - s p a c e  d i f f e r e n t i a l  is nor- 
ma l ly  canpu ted  d i r ec t ly ,  whereas ,  fo r  an  o rd ina ry  func t ion  of r ea l  v a r i a b l e s ,  
t h e  d i f f e r e n t i a l  is d e f i n e d   i n  terms of t h e  d e r i v a t i v e s  (eq. ( 1 ) ) .  The q u e s t i o n  
arises as t o  whether a funct ion-space  analogue of t h e  d e r i v a t i v e  e x i s t s .  A s  
mentioned ear l ier ,  under c e r t a i n  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  of t h e  l i n e a r  
opera tor   L[ fo ,h l  (ref.  3,  sec. 3 . 4 ) ,  t h e   G a t e a u x   d e r i v a t i v e  G = Q’ of t h e  
nonl inear  operator Q can be de f ined  by 
L[fo,hl  = G[folh 
I f   L [ f o , h l  were known i n   t h e   f o r m   o f   a n   a n a l y t i c   e x p r e s s i o n   c o n t a i n i n g  a fac- 
tor of h ,   then   an   express ion   for  G could be ob ta ined  by a s imple   d iv i s ion .  
The l i n e a r  d i f f e r e n t i a l  L c o u l d  then  be computed f o r   a n y   v a r i a t i o n   f o  + h 
by t h i s  e q u a t i o n .  T h u s ,  t h e  l i n e a r  a p p r o x i m a t i o n s  t o  t h e  s o l u t i o n s  f o r  a l l  con- 
f i g u r a t i o n s   n e a r   f o   c o u l d  be o b t a i n e d   w i t h   o n l y  t w o  c a l c u l a t i o n s .  
For  the  type  of  problem under  cons idera t ion ,  in  which  the  operators are 
n o t  e x p r e s s i b l e  i n  a n a l y t i c  form, such a procedure is g e n e r a l l y  n o t  a p p l i c a b l e .  
However, i n  t h e  n e x t  s e c t i o n  an example w i l l  be provided for which  the  der iva-  
t i ve  fo rmula t ion  appea r s  to  be use fu l .  
Example of  Approximat ing  the  Der iva t ive  
The advantages  of  the  der iva t ive  formula t ion  of  the  problem (eq. ( 5 ) )  pro- 
v i d e  m o t i v a t i o n  f o r  e x p l o r i n g  t h e  p o s s i b i l i t y  o f  o b t a i n i n g  a n  estimate f o r  t h e  
d e r i v a t i v e  when t h e  s o l u t i o n  f o r  F is provided   in   the   form  of  a numerical  com- 
puter  procedure.  When a problem can be formulated in  several  ways,  one of  these 
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possibilities may lead more n a t u r a l l y  t o  a r e l a t i o n  o f  t h e  form of equa t ion  (5) 
f r a n  w h i c h  t h e  f u n c t i o n - s p a c e  d e r i v a t i v e  c a n  be approximated. Of c o u r s e ,  i n  
such a p rocedure   d iv i s ion  by h a t  its zeros m u s t  be avoided ,   wi th   va lues  of 
t h e  d e r i v a t i v e  a t  t h e s e  p o i n t s  o b t a i n e d  by i n t e r p o l a t i o n .  
Cons ide r ,  fo r  example ,  t he  above  i l l u s t r a t ive  problem of computing the 
p r e s s u r e  d i s t r i b u t i o n  o n  a supe r son ic  body of revolu t ion .  For  th i s  problem,  
t h e   i n p u t   f u n c t i o n   f ( x )   c a n  be chosen t o  be t h e  slope d i s t r i b u t i o n  o f  t h e  body 
m e r i d i a n  l i n e .  S i n c e  it is well known t h a t  small local changes  in  f low ang le  
are approximate ly  propor t iona l  to  the  co r re spond ing  changes  in  pressure a t  supe r -  
son ic   speeds ,   one   migh t   expec t   t ha t   t he   quan t i t i e s   h (x )   and   L [ fo ,h l  repre- 
s e n t i n g  t h e  v a r i a t i o n  i n  body slope a n d  t h e  c o r r e s p o n d i n g  v a r i a t i o n  i n  pressure, 
r e s p e c t i v e l y ,  would v a r y  i n  a similar manner.  Thus, a va l id   approximat ion  t o  
t h e  d e r i v a t i v e  a c c o r d i n g  t o  equa t ion  (5) appears possible. 
I n  order t o  i l l u s t r a t e  t h i s  p r o c e d u r e ,  a c a l c u l a t i o n  was performed using 
the  same base body shape as in  the  p reced ing  example .  The v a r i a t i o n  
-0.01 s i n   2 r x  was a r b i t r a r i l y   c h o s e n .  The slope v a r i a t i o n  is 
hl = -0.02 cos 2nx.  The r e s u l t   L [ f o ,   h l 1  was d iv ided  by hl to  provide  
an estimate o f   t he   de r iva t ive   G[ fo ]   i n   acco rdance   w i th   equa t ion  ( 5 ) .  A 
second   va r i a t ion  O.O4x(1 - x)  which  corresponds t o  a slope v a r i a t i o n   o f  
h2 = 0.04(1  - 2x) was then   chosen ,   and   the   p ressure   increment  was estimated 
by m u l t i p l y i n g   t h e   f u n c t i o n  G by h2 (x ) .   F ina l ly ,   fo r   compar i son ,   t he  pres- 
sure  increment was de te rmined  exac t ly  by c a l c u l a t i n g  d i r e c t l y  t h e  p r e s s u r e  f o r  
t he  slope f o  + h2. 
The results are compared i n  f i g u r e  7 ( a )  for the  pressure  increments ,  and  
the  t o t a l  pressures are compared i n  f i g u r e  7 ( b ) .  I t  is seen  tha t  t he  approx i -  
mate method provides a good approximation to  t h e  e x a c t  t h e o r y  for t h i s  p a r t i c -  
ular problem.   Such   ca lcu la t ions   wi th   the   func t ion-space   der iva t ive   should  be 
u s e f u l  when a rapid rough approximation is a c c e p t a b l e  a n d  i n  c e r t a i n  d e s i g n  
problems. 
Limi ta t ions  of  the  Theory  
I t  should be clear t h a t  a n y  t h e o r y  i n v o l v i n g  d i f f e r e n t i a l s  or sma l l  va r i -  
a t i o n s  are l i m i t e d  to p rob lems  fo r  wh ich  the  ou tpu t  quan t i t i e s  are cont inuous  
f u n c t i o n s  o f  t h e  i n p u t  q u a n t i t i e s  t h a t  are t o  be inc remen ted .   I f   t he   ou tpu t  
is r e l a t i v e l y  s e n s i t i v e  to v a r i a t i o n  i n  t h e  i n p u t ,  t h e n  r e l a t i v e l y  small inc re -  
ments m u s t  be taken.  However, i f  t h e  s o l u t i o n  f o r  t h e  i n c r e m e n t e d  i n p u t  d i f f e r s  
q u a l i t a t i v e l y  f r o m  t h e  base s o l u t i o n ,  t h e n  t h e  method g e n e r a l l y  f a i l s .  Some 
examples for which the l a t t e r  problem occurs are the sudden appearance of a 
shock ,  the  appearance  of  lead ing-edge  separa t ion ,  and  the  movement of a shock 
wave or a s e p a r a t i o n  p o i n t .  I n  t h e  case of  shock movement, t h e  l i n e a r  t h e o r y  
can be app l i ed  in  canb ina t ion  wi th  the  coord ina te  s t r a in ing  p rocedure  o f  N ixon ,  
which  has  already  been  noted.  This  procedure  involves  applying a s h i f t  operator 
t o  t h e  i n c r e m e n t e d  i n p u t  f u n c t i o n  i n  order t o  " l i n e  up" the  shocks  fo r  t he  base  
and  incremented  solut ions.  The coord ina te s  are t h e n  s h i f t e d  b a c k  a p r o p o r t i o n a l  
d i s t a n c e  to o b t a i n  t h e  i n t e r p o l a t e d  s o l u t i o n s .  
10  
Other Types of Problems Amenable t o  Treatment by L o c a l  S u p e r p o s i t i o n  
Al though the  preceding  d iscuss ion  is r e s t r i c t e d  to  problems for which a 
change i n  t h e  o u t p u t  f u n c t i o n  is e f f e c t e d  by va ry ing  an  inpu t  func t ion ,  a simi- 
la r  t r ea tmen t  is a p p l i c a b l e  to  o ther   k inds   o f   p roblems.   In   re fe rence  1 ,  a 
change i n  t h e  o u t p u t  f u n c t i o n  r e s u l t e d  from incrementing an input  parameter, 
such  as Mach number, a n g l e  of attack, or t h i c k n e s s  ra t io .  Us ing  the  p re sen t  
method, it would be p o s s i b l e  t o  compute the  e f f ec t  o f  i nc remen t ing  each  o f  t hese  
parameters sepa ra t e ly ,  and  then  approx ima te  the  effects of  incrementing var ious 
combinations of them s imul t aneous ly  by l i n e a r l y  s u p e r i m p o s i n g  t h e  separate 
increments.  
Another type of  problem involves  the  increment  in  a s i n g l e  o u t p u t  q u a n t i t y  
as a result  of   increment ing   an   input  parameter. Examples  of  such  problems 
include computing the l i f t  o f  a n  a i r f o i l  or t h e  wave d rag  o f  a s u p e r s o n i c  con- 
f i g u r a t i o n  as a f u n c t i o n  o f  Mach number, a n g l e  of at tack, or t h i c k n e s s  ra t io .  
S i n c e ,  i n  t h i s  case, t h e  o u t p u t  q u a n t i t y  is a simple f u n c t i o n  o f  s e v e r a l  v a r i -  
a b l e s ,  t h e  par t ia l  d e r i v a t i v e s  w i t h  respect to each independent  var iable  can be 
approximated, and t h e  t o t a l  d i f f e r e n t i a l  due t o  varying combinat ions of  them 
can be computed by t h e  l i n e a r  n a t u r e  of t h e  d e r i v a t i v e s .  
Suppose ,  on  the  o ther  hand ,  tha t  the  increments  in  an  output  quant i ty  such  
as l i f t  or drag  were due,  not  t o  incrementing a parameter, bu t  to  va ry ing  the  
conf igura t ion   shape .  The o u t p u t  q u a n t i t y  is then  denoted a f u n c t i o n a l   ( r e f .  3 ,  
p. 9), depending   on   the   input   func t ion   tha t   descr ibes   the   boundary   shape .  By 
computing the increments due t o  va r i a t ion  in  the  boundary  shape ,  one  can  ob ta in  
t h e  e f f e c t s  o f  l i n e a r l y  c o m b i n i n g  t h e  v a r i a t i o n s .  An in t e re s t ing  p rob lem of 
t h i s  type is  t h a t  o f  s t u d y i n g  t h e  c h a n g e s  i n  t h e  e f f e c t i v e  p e r c e i v e d  n o i s e  l e v e l  
a t  a ground point due to  v a r i a t i o n s  i n  t h e  f l i g h t  p a t t e r n  or e n g i n e  o p e r a t i o n  
of a j e t  a i r p l a n e .  
F i n a l l y ,  it should be po in ted  o u t  t h a t  t h e  i n p u t s  t o  t h i s  t y p e  of procedure 
are by no  means l i m i t e d  t o  t h o s e  o b t a i n a b l e  from an  ana ly t ic  formula ,  or a compu- 
t a t iona l  p rocedure ,  bu t  could j u s t  as well r ep resen t  expe r imen ta l  da t a .  
CONCLUDING REMARKS 
A t heo ry  has  been  p resen ted  fo r  r educ ing  the  usage  o f  l a rge  computa t iona l  
a lgori thms.   Such  a lgori thms are  t r e a t e d  i n  t h i s  t h e o r y  as  non l inea r  operators 
ope ra t ing  on  an  inpu t  func t ion .  The  method requires a p rocedure  fo r  ob ta in ing  
computer s o l u t i o n s  f o r  a base problem, and for  a l imi ted  number of v a r i a t i o n s  
of t h i s  problem.  The s o l u t i o n s  o f  o t h e r  p r o b l e m s  t h a t  d i f f e r  s l i g h t l y  f r m  t h e  
base problem are then found by forming  l inear  combina t ions  of the  inc remen t s  
o b t a i n e d  f o r  t h e  computed v a r i a t i o n s .  The  examples   given  involved  nonl inear  
a n a l y s i s  o f  s u b s o n i c  a i r f o i l s  a n d  o f  s u p e r s o n i c  f o r e b o d y  s h a p e s .  
For a r e s t r i c t e d  class of  problems, a func t ion - space  de r iva t ive  can  be  
approximated.  For  such cases, on ly  one  va r i a t ion  f rom the  base problem is 
required i n  o r d e r  to  approximate s o l u t i o n s  f o r  g e n e r a l  v a r i a t i o n s .  The example 
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t h a t  was d e s c r i b e d  treated t h e  s o l u t i o n  for t h e  p r e s s u r e  d i s t r i b u t i o n  o n  a n  
ax isyrmnet r ic  supersonic  forebody as an operator o n  t h e  slope d i s t r i b u t i o n  of 
t h e  body meridian.  
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TABLE I.- PRESSURE CALCULATIONS FOR AIRFOIL DEFINED BY Fo + O.6h1 - 0.4h2 
S t a t i o n ,  x 
0.05 
.10 
.14 
.20 
.25 
.30 
.35 
.40 
.50 
.60 
.69 
.80 
.90 
CP, 0 
-1 .130 
-1.400 
-1 -406 
-1 -285  
-1 .1 64 
-1 -038  
-.916 -. 795 
- .607 -. 440 -. 301 -. 1 35 
.038 
CP, 1 
-0.955 
-1 . O l  5 
-1 .033 
-1 .051 
-1 -0575 
-1 .051 
-1 ,031 -. 997 
- .880 -. 735 -. 570 -. 339 -. 069 
CP, 2 
-1 .140 
-1.566 
-1 .674 
-1.565 
-1 .41 0 
-1 .250 
-1 .1 05 -. 970 
- .730 
-.530 -. 365 
-.167 
.043 
A1 cp 
0.1 75 
.385 
.373 
.234 
. l o65  -. 01 3 
-.115 -. 202 
- ,273  -. 295 -. 269 -. 204 
- . lo7  
A2cp 
-0.01 0 
-.166 
-. 268 -. 280 -. 246 
-.212 
-.189 
-.175 
- .123 -. 090 -. 064 -. 032 
.005 
Cp + 0.6 A1Cp - 0.4 A 2 ~ p  
-1 .021 
-1 . l o 3  
-1 .075 
-1 ,033  
-1 .002 -. 961 -. 909 -. 841 
- .722 -. 581 -. 437 -. 245 -. 024 
Exact 
cP 
-1 . 01 4 
-1.090 
-1.088 
-1.055 
-1 . 01 6 
"968 
-.913 
"847 
-.717 
-.570 -. 430 -. 240 -. 020 
-1.5 
-1.0 
-.5 
cP O 
.5 
1 .o 
1.5 
(a)  Base  configuration. 
Figure 1 .- Original  (base)  airfoil  configuration and two upper 
surface  variations with corresponding  pressure distributions. 
M = 0.56: o? = 2.0°. 
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(b) First  variation of airfoil  configuration. 
Figure 1 .- Continued. 
15 
(c)  Second  variation  of  airfoil  configuration. 
Figure 1..- Concluded. 
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Figure 2.- Canparison of exact and approximate  airfoils for 
composite upper surface fo + 0.6hl - 0.4h2. 
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(a)  Base configuration. 
Figure 3.- Supersonic  forebody  (base)  configuration  and  two  variations 
with  corresponding  pressure distributions. M = 3.0; CL = Oo. 
18 
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(b) First variation hl (x). 
Figure 3.- Continued. 
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(c) Second variation. 
Figure 3.- Concluded. 
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Figure 4.- Comparison of exact and approximate theories for two com- 
posite configurations synthesized  from  the base configuration 
fo and the two variations hl and h2. M = 3.'0; CY = Oo. 
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(b) Second  composite body fo + 0.3hl - 0.7h3. 
Figure 4.- Concluded. 
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0 .1 
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Figure  5.- Example of a va r i a t ion   h3   r ep resen t ing  a r e l a t i v e l y  l a r g e  
dev ia t ion  from the   base   conf igura t ion  for with  corresponding 
p r e s s u r e   d i s t r i b u t i o n .  M = 3.0; c1 = Oo. 
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Figure 6.- Comparison of exact and approximate  theories for the 
composite configuration fo + 0.3hl + 0.7h3. M = 3.0; 
a = 00. 
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(a) Pressure increment. 
Figure 7.- Comparison of exact and approximate calculations 
utilizing function-space derivation approximation for the 
hl variation. M = 3.0; a = Oo. 
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(b) Pressure coefficient. 
Figure 7.- Concluded. 
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